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The properties of the QCD axion can be studied from the dependence of strong interactions on the
θ -parameter. We present a study of the moments of the topological charge for temperatures up
to around 600 MeV, obtained by lattice QCD simulations with 2+1 flavors at the physical quark
masses. Our numerical results for the topological susceptibility, when compared to the instanton
gas calculation, differ both in size and in the temperature dependence. We discuss the implications
of these results for axion phenomenology, a comparison with other more recent studies and the
prospects for future investigations.
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1. Introduction
The axion, advocated as a possible solution to the so-called strong-CP problem through the
Peccei-Quinn (PQ) mechanism [1], could also explain the observed dark matter abundance of our
Universe [2]. A reliable computation of the axion relic density and of the axion mass requires
however a quantitative estimate of the parameters entering the axion effective potential, namely its
mass and self-coupling, as a function of the temperature.
Large part of the relevant information can be obtained from the dependence of strong interac-
tions on the topological parameter θ , which enters the QCD Euclidean Lagrangian density as
Lθ =
1
4
Faµν(x)F
a
µν(x)− iθq(x) ; q(x) =
g2
64pi2
εµνρσFaµν(x)F
a
ρσ (x) (1.1)
where q(x) is the topological charge density.
The free energy density of the system can be parametrized as follows
F(θ ,T ) = F(0,T )+
1
2
χ(T )θ 2(1+b2(T )θ 2 +b4(T )θ 4 + · · ·) , (1.2)
where χ(T ) is the topological susceptibility at θ = 0, which is proportional to the axion mass
χ =
∫
d4x〈q(x)q(0)〉θ=0 = 〈Q
2〉θ=0
V
, (1.3)
where Q=
∫
d4xq(x) is the global topological charge and V =V/T is the 4-dimensional volume.
The coefficients bn are proportional to the higher cumulants of the topological charge distribution;
for instance
b2 =−〈Q
4〉θ=0−3〈Q2〉2θ=0
12〈Q2〉θ=0 ; (1.4)
provides information about the axion self interaction.
Analytic predictions about χ and the bn coefficients are available only in certain regimes. At
small (zero) temperature axial transformations can rotate θ to the light quark sector, allowing to
exploit chiral perturbation theory (ChPT) [3]-[4], with the prediction χ1/4 = 77.8(4) MeV and
b2 =−0.022(1) in the case of two degenerate flavors.
At high-T , instead, a possible approach is based on the Dilute Instanton Gas Approxima-
tion (DIGA). Indeed, since instantons of size ρ  1/T are suppressed by thermal fluctuations,
at asymptotically high-T one can use the perturbative 1-loop estimate for the instanton action,
Se f f ' 8pi2/g2(T ), which leads to the prediction of a path integral dominated by a dilute gas of
weakly interacting objects of topological charge one. The θ -dependence of the free energy is of
the form [5]
F(θ ,T )−F(0,T )' χ(T )(1− cosθ) , (1.5)
and, using the 1-loop effective action, one obtains
χ(T )∼ T 4
(ml
T
)N f
e−8pi
2/g2(T ) ∼ mN fl T 4−
11
3 Nc− 13N f (1.6)
for N f light flavors of mass ml . For example χ ∝ T−7.66 for N f = 2. The range of reliability
of the perturbative prediction is not known a priori, and in principle one would trust it only for
temperatures much larger than Tc ∼ ΛQCD.
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Figure 1: Continuum limit of χ at T = 0, compared with the ChPT prediction and the quenched value.
Square points correspond to the quantity χ1/4tc (a) (see Eq. 2.1).
A fully non-perturbative determination of θ -dependence can be obtained only by lattice QCD
simulations. One needs to implement a lattice discretization of the theory close enough to the
continuum limit to reproduce the correct chiral properties of fermion fields. In this limit however
the correct sampling of topological modes is affected by critical slowing down as the continuum
limit is approached [6]-[7], and is even more difficult in the high T region, where topological
fluctuations become very rare.
In the following we present a lattice study of the topological properties of N f = 2+ 1 QCD
with physical quark masses. We adopt stout improved [8] staggered fermions and the tree level
improved Symanzik action [9, 10] for the pure gauge sector, exploring several lattice spacings, in
a range ∼ 0.05− 0.12 fm, on a line of constant physics, which is fixed following the determina-
tions reported in Refs. [11, 12]; the topological content of the gauge configurations is extracted
by a gauge operator after proper smoothing of gauge fields [13]-[14]. More technical details and
references can be found in Ref. [15].
In order to identify a proper scaling window and compare the continuum extrapolated results
for the topological susceptibility to the ChPT prediction, we first consider simulations at T = 0. At
finite T , we explore a region going up to around 4Tc and compare our results with DIGA predictions
and with other recent results, discussing implications for axion phenomenology and prospects for
future investigations.
2. Numerical Results at Zero and Finite Temperature
Results obtained for χ1/4 at T = 0, after extrapolation to the infinite volume limit, are reported
in Fig. 1 as a function of a2, together with the expectation from ChPT. The range of explored
lattice spacings is limited at small a by the freezing of the topological modes that we experienced
for a < 0.05 fm, see Ref. [15].
Finite cut-off effects are significant and for a ≥ 0.1 fm the reported values are closer to the
quenched case rather than to the ChPT prediction. Still, we can perform a reliable continuum ex-
trapolation of our data by fitting O(a2) corrections at the three finest lattice spacings and O(a4)
2
P
o
S(LATTICE2016)088
Axion phenomenology with LQCD G. Martinelli
1 1.5 2 2.5 3 3.5 40.7
T/Tc
0.01
0.1
1
χ(
T)
/χ(
T=
0)
Continuum ext.
DIGA
ChPT
a = 0.0572 fm
a = 0.0707 fm
a = 0.0824 fm
Figure 2: Topological susceptibility, divided by χ(T = 0) at the same lattice spacing, as a function of T .
The solid line fixes the zero temperature value, the dashed line is the finite T prediction from ChPT, while the
dashed-dotted line corresponds to the slope predicted by the dilute instanton gas prediction. The continuum
extrapolation has been performed according to Eq. (2.2).
corrections to describe the whole range. We obtain consistent continuum extrapolated results
(χ1/4 = 73(9) MeV in the former case and χ1/4 = 69(9) MeV in the latter), which are also in
agreement with ChPT.
The large cutoff effects are related to corrections to the chiral properties of light quarks at finite
lattice spacing. We tried to reduce these effects by extrapolating the combination
χ1/4tc (a) = aχ1/4(a)
mphyspi
amngb(a)
(2.1)
where mngb(a) is one of the massive pions found at finite a. The values of χ
1/4
tc (a) are reported in
Fig. 1 as square points: in this way cut-off effects are strongly reduced and can be parametrised as
O(a2) corrections over the whole range.
Finite temperature simulations have been performed at the three smallest lattice spacings for
which O(a2) corrections suffice to describe the T = 0 data, and at various values of the temporal
extent Nt , with a fixed spatial extent Ns = 48, after checking the absence of appreciable finite
size effects. Results for the ratio χ(T,a)/χ(T = 0,a) are reported in Fig. 2 as a function of T/Tc
(Tc = 155 MeV) together with the DIGA and ChPT predictions. Lattice artifacts seem to be strongly
suppressed in this ratio and indeed we found that the dependence on the lattice spacing is quite mild.
The difference with the DIGA prediction is evident and indeed a best fit of our data to the function
χ(a,T )
χ(a,T = 0)
= D0(1+D1a2)
(
T
Tc
)D2
(2.2)
yields a slope coefficient D2 ∼−3, against a DIGA prediction D2 ∼−8.
2.1 Implications for Axion Cosmology
The low energy effective Lagrangian involving the axion field a has the form
Le f f =LQCD+
1
2
∂µa∂ µa+
(
θ +
a(x)
fa
)
g2
32pi2
GG˜+ . . .
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where the dots denote other axion interactions. The axion field a has only derivative couplings,
apart from the coupling to the QCD topological charge density, regulated by the constant fa. By
spontaneous breaking of the PQ symmetry, the axion acquires a non-zero vacuum expectation value
〈a〉. The minimum of the axion effective potential corresponds to a zero effective θ ; moreover,
assuming that fa is very large, a can be considered as quasi-static and its mass and interaction can
be derived from the θ -dependence of QCD. For instance, one has the relation
m2a(T ) =
χ(T )
f 2a
(2.3)
which would give the value of the axion mass in the present Universe (from the value of χ at T = 0)
as a function of fa.
A determination of fa can be obtained by relating the present abundance of axions to the
amount of the observed dark matter. One of the best candidates for cosmological axion production
is misalignement: at the time when the PQ symmetry breaks, the axion field is not aligned along
the minimum, θe f f = 0; the resulting excitation is converted into axion production.
A precise description needs the solution of the axion field evolution which, taking into account
only quadratic terms in the axion potential, reads as follows
a¨(t)+3H(t)a˙(t)+m2a(t)a(t) = 0 (2.4)
where H is the Hubble scale parameter. As the Universe expands and cools down, H decreases as
a function of time, while ma increases. Eq. (2.4) predicts a damped solution as long as the friction
term wins over the pull from the potential, and becomes oscillatory after the Universe cools below
a temperature T ∗ for which ma(T ∗) ≈ 3H(T ∗). Shortly after that time, the solution develops an
adiabatic invariant corresponding to the total number of axions. The value of T ∗ depends both
on χ(T ) and on fa, so that, by requiring a given amount of axion relics, one can fix the value of
fa. Actually, an unknown constant is the initial misalignement angle, θ0: that takes a fixed value
throughout the Universe if the PQ symmetry breaking takes place before inflation, otherwise it can
acquire all possible values within the visible horizon and one needs to integrate over them.
In Fig. 3, based on the results of our numerical simulations for χ(T ), we show our prediction
(see Ref. [15] for more details) for fa and the axion mass, depending on the different possible
assumptions, i.e. pre- or post-inflationary scenario and relative amount of dark matter density ΩDM
due to axions from the misalignment mechanism.
Our results lead to values of fa which are typically one order of magnitude larger than those
obtained from the dilute instanton gas model, hence to smaller values of the axion mass. This
is mostly due to the different behavior of χ(T ), which shows, at least in the explored range, a
much milder dependence on T with respect to DIGA predictions. This result might be affected by
several systematic effects. In particular, in our study, from results obtained at low temperatures, of
order of few hundred MeV, we had to extrapolate to an oscillation temperature of few GeV and the
evolution of the axion field strongly depends on this extrapolation. We thus need a new approach
to reach higher temperatures, where at present we do not have results due to the critical slowing
down observed at small lattice spacings and to the freezing of the topological charge at higher T .
Recent results from different lattice investigations have shown contrasting results. While the
results of Ref. [16] are in qualitative agreement with ours, other studies have reported a much better
agreement with the instanton gas prediction even in the region right above Tc [17]-[19].
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Figure 3: Axion decay constant fa as a function of the angle θ0 = a0/ fa, such that the misalignment
contribution provides one tenth or the whole observed dark matter abundance. The vertical dashed line fixes
the average angle θaver for the case in which the PQ symmetry is broken after inflation.
In particular, the authors of Ref. [17] manage to determine χ(T ) for T up to a few GeVs and
observe a slope consistent with DIGA shortly after Tc. In order to reach large values of T , without
using exceedingly small lattice spacings, they rely on a reweighting procedure of the configurations
based on the lowest lying Dirac operator eigenvalues. They also claim that the dynamics of the
topological charge and susceptibility at high T is dominated by only two topological sectors (Q=
0,±1), and restrict the evolution of the system to these sectors working at fixed topology. This
approximation is equivalent to the assumption, right from the beginning, that the instanton gas is
dilute and non-interacting. There are several other assumptions in their calculation, for example
most of the simulations at high T are made with degenerate quarks, with the mass of the strange
quark, and then extrapolated to the physical point along lines of constant physics, and they also add
an extra feed-back correction for the contribution of the instanton-antinstanton configurations. It is
not clear to us to which extent the assumptions made in Ref. [17] are justified and affected the final
conclusions. This can only be decided by further investigation at high temperatures, with the help
of various improvements that have been proposed especially to deal with the critical slowing down
of topological modes [20].
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